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Abstract. In this article we give the first examples of the pseudo-nullity conjecture
of Coates and Sujatha for fine Selmer groups of elliptic curves over Q in p-power division
field cases. Those fine Selmer groups actually turn out to be trivial.
1. Introduction
Let E be an elliptic curve over Q, and p an odd prime. Let F be a finite extension of
Q and Σ some finite set of primes of F . Given a local condition L = {Lv}, we have (p-part
of ) the Selmer group SelL(E/F) associated to the local condition such that the following
sequence is exact:
0 → SelL(E/F) → H 1(FΣ/F,Ep∞) →
⊕
v∈Σ
H 1(Fv,Ep∞)/Lv . (1)
In the case Lv = E(Fv) ⊗ Qp/Zp , the Selmer group is the classical one. We are
going to consider the Selmer group with the local condition Lv = {0}, which is denoted
by Sel0(E/F). This Selmer group is called strict Selmer group or zero Selmer group but
we call it fine Selmer group as in [2]. The fine Selmer group appears in Kato-Kurihara’s
formulation of the main conjecture without p-adic L function in cyclotomic Zp-extension
of Q ([9] Conjecture 6.1).
Let K = Q(µp), and K∞ = Q(Ep∞) with Galois group G = G(K∞/K). Let
Sel0(E/Kn) denote the kernel of the restriction map
H 1(KS/Kn,Ep∞) →
⊕
v∈S
H 1(Kn,v, Ep∞)
for K ⊂ Kn ⊂ K∞ such that [Kn : K] < ∞ and Sel0(E/K∞) := lim−→ Sel0(E/Kn). The
fine Selmer group Sel0(E/K∞) is a subgroup of the classical Selmer group Sel(E/K∞).
The pseudo-nullity conjecture of Coates and Sujatha is the following:
CONJECTURE 1.1 (Conjecture B in [2]). Sel0(E/Q(Ep∞))∨ is a pseudo-null
Λ(G)-module.
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We remark that the conjecture is formulated more generally in [2]. In any case there
has been no single example found so far. We are going to give a few examples in which the
conjecture holds.
For a Zp-module M , the module M∨ is the Pontryagin dual of M , i.e., M∨ =
Hom(M, Qp/Zp). The so-called Iwasawa algebra Λ(G) is defined to be lim←− H⊂GZp[G/H ],
where H runs over normal open subgroups of G. We take the following definition of
pseudo-null (cf. [14]):
DEFINITION 1.2. A Λ(G)-module M is said to be pseudo-null if Ei(M) = 0 for
i = 0, 1.
(When the algebra Λ(G) is commutative, then this definition coincides with the clas-
sical one.)
Throughout this article, we let K = Q(µp) and K∞ = K(Ep∞). We assume the
Galois group G = Gal(K∞/K) is pro-p. Let S = Sp ∪ S∞ be the finite set of primes of K
(see below for the notation). We only consider the cases where K∞ ⊂ KS .
Let E be the elliptic curve defined by
y2 + xy = x3 + x2 − 2x − 7 (2)
and p = 11. The conductor of this curve is equal to 112 (this curve is named 121C1 in
Cremona’s table [5]). It has no complex multiplication and has potentially good reduction
at 11. Then we will show that the conjecture of Coates and Sujatha holds for the elliptic
curve E and the prime number 11.
To produce some examples of the conjecture, we will prove the following
THEOREM 1.3. Let E be an elliptic curve over Q, K = Q(µp) and p an odd prime
number. Let K∞ = Q(Ep∞), and assume G = Gal(K∞/K) is a pro-p group. Assume
further K∞ ⊂ KS , where S = Sp ∪ S∞, and p is a regular prime. Then Sel0(E/K∞)∨ is
a pseudo-null Λ(G)-module.
In the last section, the fine Selmer groups satisfying the assumptions in Theorem 1.3
will actually turn out to be zero.
1.1. Notation and Convention
Throughout this paper, we denote by S = S(K) the set of primes such that S =
Sp ∪ S∞, where Sp = {℘ : prime of K such that ℘|p} and S∞ is the set of archimedian
primes. Recall that a prime of a number field F is an equivalence class of valuations on F ,
and there exists exactly one prime of F for each prime ideal ℘, for each real embedding,
and for each conjugate pair of complex embeddings. Hence |S∞| = r1(F ) + r2(F ), where
ri(F ) are the usual ones.
The field KS is the maximal Galois extension of K unramified outside S. The group
GK,S denotes the Galois group Gal(KS/K), and GK,S(p) denotes the maximal pro-p quo-
tient of GK,S .
For a Λ-module M , Mtors denotes the maximal torsion submodule of M . Ei(M) is
abbreviation of Exti (M,Λ).
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2. Proof of Theorem 1.3
We assume the all assumptions in the theorem. From the Poitou-Tate duality, we have
the following injective map (see for example [2] (43))
Sel0(E/K∞)∨ ↪→ H2Iw(T ) (3)
where H2Iw(T ) = lim←− corH 2(KS/Kn, Tp(E)). Therefore it is sufficient to show that H2Iw(T )
is pseudo-null.
THEOREM 2.1. Under the same hypothesis as in Theorem 1.3, H2Iw(T ) is a pseudo-
null Λ(G)-module.
We will show Ei(H2Iw(T )) = 0 for i = 0, 1.
PROPOSITION 2.2. E0(H2Iw(T )) = 0.
Proof. The fact that H 2(KS/K∞, Ep∞) = 0 (see [1] p. 22) implies that H2Iw(T ) is a
torsion Λ-module (see [12] Theorem 3.3). Therefore E0(H2Iw(T )) = 0.
PROPOSITION 2.3. E1(H2Iw(T )) = 0.
Proof. This proposition follows from the following two lemmas.
LEMMA 2.4.
(
H 1(KS/K∞, Ep∞)∨
)
tors
∼= E1(H2Iw(T )).
Proof. This is Proposition 3.5 of [12].
LEMMA 2.5. Under the same assumptions as in Theorem 1.3,(
H 1(KS/K∞, Ep∞)∨
)
tors = 0 . (4)
Proof. Let X = H 1(KS/K∞, Ep∞)∨ and we have the following exact sequence
0 → X → Y → J → 0 (5)
(see DIAGRAM 2.1 in [12]. We also leave the definition of Y = YEp∞ ,K∞ and J =
JEp∞ ,K∞ to [12]). We will prove that Ytors = 0 under the assumptions. We have the
following exact sequence ([12] for the notation)
0 → (N ab(p)H)# → Λ2d → Y → 0 (6)
Since K = Q(µp) is totally imaginary, using a result of Jannsen, we get the following
isomorphism
(N ab(p)H)# ∼= Λ(G)2d−2(r2+1) (7)
(cf. [7], 5.4; [11], Lemma 4.2; the proof of [12] Theorem 3.2). If we can take d = r2 + 1,
then Y ∼= Λ2d , so Ytors = 0 as we desired. The d can be taken as the number of gen-
erators for GK,S(p), and the minimum number of generators is equal to h1(GK,S(p)) =
dimH 1(GK,S, Fp) ([13] 4.2, Corollary to Proposition 25). But we have the following for-
mula
h1(GK,S(p)) = 1 +
∑
℘∈S
δ℘ − δ + dimFpClS(K)/p (8)
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([10] (8.7.3) Theorem, (8.7.9) Corollary.) Here, δ = 1 or 0 according to K containing µp
or not. But for K = Q(µp) we have δ = 1, δ℘ = 1 for any ℘ ∈ S. In Q(µp), p is
totally ramified: pOK = (ζ − 1)p−1. Hence |Sp| = 1. Since Q(µp) is totally imaginary,
|S∞| = r2. Finally p is assumed to be a regular prime, which means p does not divide the
class number of Q(µp). Hence dimFpClS(Q(µp))/p = 0. Therefore d = h1(GK,S(p)) =
r2 + 1, and Ytors = 0.
The proof of Theorem 2.1 has been completed.
3. Examples
First we need the following:
LEMMA 3.1. Let K∞ = Q(Ep∞). If Q(E[p]) = Q(µp), then K∞/Q(µp) is a
pro-p Lie extension. More generally, if E has an isogeny of degree p defined over Q with
kernel Φ, then K∞/Q(Φ,µp) is a pro-p extension. In particular if Φ ∼= µp or Z/pZ,
then K∞/Q(µp) is a pro-p extension.
Proof. Let K = Q(µp), Ko = Q(E[p]) and G = Gal(K∞/K). Take a basis of
Tp(E) and we have ρ : G → GL2(Zp) arising from Galois action on Tp(E).
The first statement is well known. The Galois group Gal(K∞/Ko) is the kernel of
the composite map G → GL2(Zp) → GL2(Fp). Hence ρ(Gal(K∞/Ko)) is contained in
1 + pM2(Zp), which means Gal(K∞/Ko) is pro-p.
There is a proof of the second statement in [4], which is found after the statement of
Theorem 6.3. For the convenience of the reader, we have the proof here. Suppose E admits
an isogeny of degree p. Let Φ denote the kernel of the isogeny. Then after taking a suitable
basis of Tp(E), the image of the composite map G → GL2(Zp) → GL2(Fp) is contained
in the Borel subgroup B :=
{(
a b
0 c
) ∣∣∣∣ a, b, c,∈ Fp and ac 
= 0
}
, where the character in
the top left hand corner gives the action of G on Φ. Let K ′ = Q(Φ,µp). Then the Galois
group Gal(K∞/K ′) is the kernel of the composite map G → B → F×p × F×p , where the
second map is defined as
(
a b
0 c
)
→ (a, c). Therefore ρ(Gal(K∞/K ′)) is contained in(
1 + pZp Zp
pZp 1 + pZp
)
, and the latter is pro-p group.
If Φ ∼= µp or Z/pZ, then K ′ = Q(µp), so in this case, K∞/Q(µp) is pro-p exten-
sion.
In the following examples all elliptic curves have conductor equal to a power of p
for some regular prime number p, and have potentially good reduction over p. We let
G = Gal(Q(Ep∞)/Q(µp)).
The first example is an elliptic curve without complex multiplication.
EXAMPLE 3.2. Let E be the elliptic curve defined by
y2 + xy = x3 + x2 − 2x − 7 (9)
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which is 121C1 in Cremona’s table [5], and take p = 11.
Then Sel0(E/Q(E11∞))∨ is a pseudo-null Λ(G)-module.
Proof. To prove Sel0(E/Q(E11∞))∨ is a pseudo-null Λ(G)-module, first we show
K∞/K is a pro-11 extension. E has a rational isogeny of degree 11 and the splitting field
of the kernel of this isogeny has to be contained in Q(µ11) because it is a Galois module
of order 11 unramified outside 11. Therfore by Lemma 3.1, K∞/Q(µ11) is pro-11 Lie
extension, to which we can apply Theorem 1.3.
REMARK. Interestingly, this curve has potential supersingular reduction at 11, so
that the Selmer group is enormous over Q(E11∞). But our result proves that Pontryagin
dual of the fine Selmer group is pseudo-null, remarkably!
We also have a few examples with CM elliptic curves.
EXAMPLE 3.3. Let E be the elliptic curve defined by
y2 + y = x3 − x2 − 7x + 10 . (10)
Then the same argument proves that Sel0(E/Q(E11∞))∨ is a pseudo-null Λ(G)-module.
EXAMPLE 3.4. Let E be the elliptic curve defined by
y2 + y = x3 + 20 (11)
which is 243A2 in [5], and take p = 3. Then Sel0(E/Q(E3∞))∨ is a pseudo-null Λ(G)-
module.
According to the table of [5], E has nontrivial torsion point of order 3 and has an
isogeny of degree 3. Therefore by Lemma 3.1, K∞/Q(µ3) is pro-3 Lie extension to which
we can apply Theorem 1.3.
We can find similar examples from the elliptic curves of conductors N = 27, 49 and
N = 192.
4. Galois groups and fine Selmer groups
It turns out that the fine Selmer groups in the examples in the previous section are
trivial. For a number field F , let AF denote the ideal class group, AF(p) its p-sylow sub-
group, and hF the class number. Letting L∞ denote the maximal abelian unramified pro-p
extension of K∞ for the K∞ in Theorem 1.3, we have an isomorphism Gal(L∞/K∞) ∼=
AK∞(p) := lim←−AKn(p) (the projective limit is taken with respect to norm maps). There-
fore if AK∞(p) = 0, then Gal(L∞/K∞) = 0.
As Gal(L′∞/K∞) is a quotient group of Gal(L∞/K∞) where L′∞ is the maximal
abelian pro-p unramified extension of K∞ in which the prime over p splits completely,
Gal(L′∞/K∞) = 0 if AK∞(p) = 0.
There is the following isomorphism ([2], Lemma 3.8):
Sel0(E/K∞) = Hom(Gal(L′∞/K∞), Ep∞) .
Hence, AK∞(p) = 0 implies that Sel0(E/K∞) = 0. We are going to show that AK∞(p) =
0 for the extension K∞/K of Theorem 1.3. We need the following theorem of Iwasawa.
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THEOREM 4.1 ([6]). Let L/K be a cyclic finite extension of p-power degree such
that there is a prime ℘ of K which is totally ramified by the extension L/K , and there is no
ramified prime other than ℘. Then
p  hK ⇒ p  hL .
From this theorem, the following is deduced.
PROPOSITION 4.2. Let K be a number field in which there is only one prime over
p, and K∞/K a pro-p Galois extension, unramified outside p. Assume AK(p) = 0. Then
AK∞(p) = 0.
Proof. The Galois group Gal(K∞/K) = lim←−Gn is a pro-p group where Gn =
Gal(Kn/K) is a finite p-group. It is sufficient to show that AKn(p) = 0 for each n.
Since Gn is a solvable group, we can take a series of subfields
K = K(0)n ⊂ K(1)n ⊂ · · · ⊂ K(k)n = Kn
such that each extension K(i+1)n /K(i)n is a cyclic extension of p-power degree.
The extension K(1)n /K is an extension of p-power degree, unramified outside p. Since
AK(p) = 0, K(1)n does not contain any unramified extension of K . Hence the prime over
p is totally ramified in K(1)n /K . By Theorem 4.1, AK(1)n (p) = 0. We find ourselves in the
same situation with K(2)n /K(1)n as with K(1)n /K . By the same argument, we find that there
is only one prime over p in K(i)n and it is totally ramified in K(i+1)n , and hence, by Theorem
4.1, A
K
(i+1)
n
(p) = 0, for i = 1, 2, . . . , k − 1. Therefore AKn(p) = 0. This concludes that
AK∞ = 0.
COROLLARY 4.3. Let p, K and K∞ be the same as in Theorem 1.3 and assume all
the assumptions in the theorem. Then Sel0(E/K∞) = 0.
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